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Abstract. First, we establish the relation between the associated varieties of 
modules over Kac-Moody algebras g and those over afhne W-algebras. Second, 
we prove the Feigin-Frenkel conjecture on the singular supports of G-integrable 
admissible representations for the degenerate cases in the sense of Frenkel- 
Kac-Wakimoto |FKW92| . In fact we show that the associated variates of G- 
integrable degenerate admissible representations are irreducible Ad G-invariant 
subvarieties of the nuUcone of g, by determining them explicitly. Third, we 
prove the C2-cofiniteness of a large number of simple W-algebras, including 
all the (non-principal) exceptional W-algebras recently discovered by Kac- 
Wakimoto |KW08I . 



1. Introduction 

This article addresses some basic problems concerning the representation theory 
of Kac-Moody algebras, that of (afhne) VF-algebras and the interrelation between 
them. It has three aims. 

Let be a complex simple Lie algebra, g the non-twisted Kac-Moody algebra 
associated with g. For a nilpotent element / of g and fc £ C, both the VF-algebra 
W'^(g,/) at level k and representations of W^(g, /) are constructed by means of 
the ERST cohomology functor H ^ (?) associated with the generalized Drinfeld- 
Sokolov reduction [KRW03 . 

The first aim of this article is to establish the relation between the associated va- 
rieties ( [AralO] . see (O) of modules over g and those over W'^(g, /). More precisely, 
we show that 

(1) x^^^^^^^^^XMns 

for a finitely generated graded Harish-Chandra (g, G[[i]])-module M of level fc, 
where Xm is the associated variety of M and S is the Slodowy slice (Theorem 
14X2)) . From ([J) we deduce that the W'=(g, /)-module H^^"{M) is C2-cofinit^ 
|Zhu96) if and only if (i) Xm is contained in the nuUcone Af of g and (ii) the closure 
of the orbit AdG./ appears as an irreducible component of Xm (Theorem 14.6.21) . 
This result may be viewed as a chiralization of a theorem [Pre07[ Theorem 3.1] of 
Premet on finite W^-algebras. 



This work is partially supported by the JSPS Grant-in-Aid for Scientific Research (B) No. 
20340007. 

^C2-cofinite representations of vertex algebras may be regarded as analogues of finite- 
dimensional representations QAralOj ) . 
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The second is to determine the associated varieties of (Kac-Wakimoto) admis- 
sible representation^ [KW89j of g. Based on the above and the related results we 
determine the associated varieties of all the degenerate (in the sense of |FKW92| ) 
G-integrable irreducible admissible representations and show that they are Ad G- 
invariant irreducible subvarieties of TV, that is, closures of some nilpotent orbits 
in 0. This in particular proves the Feigin-Frenkel conjecture (see Conjecture [T]) 
on the singular supports of admissible representations for the degenerate case^ 
(Theorems 15.5.11 15.6. ip . These nilpotent orbits depend only on the level k of the 
representations, that is, for each degenerate admissible numbei0 fc, there exists a 
unique nilpotent orbit 0[fc] in q such that 

for any G-integrable irreducible admissible representation La of level fc. The orbits 
0[fc] are exphcitly determined and hsted in Tables [2HT0l (cf. (|46l) ). 

The third is to apply the above results to the C2-cofiniteness problem of W- 
algebras. Recently, a remarkable family of M^-algebras, called the exceptional W- 
algebra^, was discovered by Kac and Wakimoto IK WO 8 j . They conjectured that 
exceptional M^-algebras are rational and C2-cofinite. We prove the C2-cofiniteness of 
all the (non-principal) exceptional M^- algebras (Theorem l5.8.2|) . More precisely we 
prove that, for each degenerate admissible number fc, the simple quotient0 Wfe(0, /) 
of W'=(g,/) with / G ©[fc] is G2-cofinite (Theorem ETSl), and that each (non- 
principal) exceptional Ty-algebra is isomorphic to "VVfe(0,/) for some degenerate 
admissible number fc and / G 0[fc]. We note that there are also a considerable 
number of C2-cofinite VF-algebras which are not exceptional, see Tables [U 21 HI HI 
ini Uni At this moment we do not know whether these not-exceptional C2-cofinite 
VF-algebras are non-rational. 

Our strategy to prove (P) is based on Ginzburg's reproof |Gin09| of Premet's 
conjecture |Pre07[ Conjecture 3.2] (proved by Losev |LoslO| ) on finite W^-algebras. 
A "chiralization" of the argument of |Gin09) proves the vanishing of the BRST 
cohomology of the associated graded spaces (Theorem I4.3.3P . The difficult part is 
the proof of the convergency of the corresponding spectral sequence because our 
algebras are not Noetherian. We overcome this problem by using the right exactness 
of the functor H/^°{7) (Theorem 11221 cf. |AM09) ). see S3] for the detail. As 
a result we obtain the strong vanishing assertion (Theorem 14.4. 6p of the BRST 
cohomology, which gives ([T|) as desired. 



Admissible representations of vertex operators algebras have nothing to do with (Kac- 
Wakimoto) admissible representations of g. 

■^Degenerate G-integrable admissible representations may be considered as those G-integrable 
admissible representation whose associated varieties are strictly contained in Af, while non- 
degenerate G-integrable admissible representations are those G-integrable admissible represen- 
tation whose associated varieties should equals to J\f, see Theorem l5.5.1l 

^ A complex number k is called a degenerate admissible number if the simple affine vertex 
algebra I^kAg level fc is a degenerate admissible representations. 

^In the principal nilpotent case the exceptional W-algebras are exactly the minimal series 
W-algebras discovered by Frenkel, Kac and Wakimoto |FKW92] 

•^Conjecturally |FKW92||K"RW03| . WtisJ) = H^'^° (L^,f^J. We have proved this in IAra05| 
for a minimal nilpotent element / and in |Ara07l for a principal nilpotent element / under some 
regularity condition on fc. In type A one can show this for any nilpotent element using the results 
of |Ara081 under some regularity condition on fc. The detail will appear elsewhere. 
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Note that the vanishing of the BRST cohomology proves the exactness of the 
functor 

ijf +°(?) : KU ^ W'=(0,/)-Mod 

as well (Theorem 14.4. 5p . where KL^ is the category of graded Harish-Chandra (g, 
G[[t]])-modules of level k, or equivalently, the full subcategory of the category O 
of consisting G-integrable representations of level k. This generalizes some of the 
exactness results obtained in |Ara04[ lAraOSi IAra07[ IFG07| . 

For a finitely generated object M of KL^, the associated variety Xm is an 
Ad G- invariant, conic, Poisson subvariety of g*, while the variety X ^^+o ^^^^ of the 

— +0 

W*(fl,/)-module H/ {M) is a C*-invariant, Poisson subvariety of the Slodowy 
slice S. Because / is the unique fixed point of the C*-action of S, from ([!]) it follows 
that 

(2) Hf^°{M) y^O ^ AdG./ C Xm 

(compare |Mat871 Theorem 2], [Gin09[ Corollary 4.1.6]). Although Xm is not 
necessarily contained in Af, we show that 

(3) Hj'^^iM) is zero or Ga-cofinite Xm C TV 
(Proposition 14. 6TT]) . In particular for a principal nilpotent element fp^i we have 

(4) HJ^^°{M) ^0 ^ Xm^N, 

(5) HJ^TW = ^ Xm g N. 

In the case that La G KLfc is an admissible representation with highest weight A 
its character is given by the Weyl-Kac type character formula jKW88j . and there- 
fore the character of HY^^{^\) is computable |FKW92[ IKRW03| by the vanishing 
of the BRST cohomology and the Euler-Poincare principle. If is degenerate, or 
equivalently |FKW92) ^^^"(La) - 0, then © proves the Feigin-Frenkel conjec- 
ture which says Xi,^ C TV. Furthermore, by (0), we see that the variety Xi,^ can be 
determined by knowing for which nilpotent / the cohomology H (La) is zero. 

If is simply-laced then all the G-integrable admissible representations are prin- 
cipal admissible [KWSQj . If is not simply-laced then there are |KW08| also non- 
principal G-integrable admissible representations. In the principal admissible cases, 
i.e., if La S KL^ is a degenerate principal admissible representation of level k, then 
we show that 

where 

A/"? {a;G0;(ad2;)29 = O}, 

and q is the denominator of k (Theorem 15. 5. ip . The irreducibility of Mq is knowrQ 
by |oGVAG04) . Note that Nq = {f e TV;ht(/) < 2q} U {0}, where ht(/) is the 
height |Pan94] of /. In the non-principal admissible cases we show that 



'^The irreducibility of {x S g; (adx)" = 0} is not true in general if n is odd. 
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where 



^AA, :={/£AA;ht^(/)<2q}U{0}, 



ht^(/) is the coheight (|43p of /, g = (the denominator of k)/r^ and is the lacety 
of 0. The irreducibihty of ^Nq follows from the classification of nilpotent elements 



and their closure relations (Theorem 15. 6. ip . 



An exceptional ly-aleebra is by definition the simple W^-algebra Wfc(g,/) at a 
principal admissible leveO k such that {q, /) is an exceptional pair |K W08] . where q 
is the denominator of k. The exceptional pairs were classified in |KW08[ IEKV09) . 
From the classification it follows that {q, f) is an exceptional pair if and only of (i) 
AdG.f = Mq and (ii) / is of principal type fTheorem l5.8.ip . This fact together the 
above explained results proves the C2-cofinitcness of the (non-principal) exceptional 
M^-algebras. 

Acknowledgments. I would like to thank Fyodor Malikov for explaining me the 
results of [FM97| . Results in this article were presented in part in "Algebraic 
Lie Structures with Origins in Physics" , Isaac Newton Institute for Mathematical 
Sciences, Cambridge, March 2009, "Workshop and Summer School on Lie Theory 
and Representation Theory II", East China Normal University, July 2009, "The 9th 
Workshop on Nilpotent Orbits and Representation Theory" , Hokkaido, February 
2010. I would also like to thank the organizers of these conferences. 

Notation. Throughout this paper the ground field is the complex number C and 
tensor products and dimensions are always meant to be as vector spaces over C if 
not otherwise stated. 



In §2.11 §2. 21 we recall some definitions and results from jAralOj . In §2.3l we recall 
some fundamental facts on Kac-Moody algebras. In §2.4l we recall some basic facts 
on afline vertex algebras and their associated graded vertex Poisson algebras. In 
i)2.5l we define a category C of modules over the associated graded vertex Poisson 
algebras of affine vertex algebras. 

2.1. Functions on jet schemes of affine Poisson varieties as vertex Poisson 
algebras. For a scheme X of finite type, let Xm the m-th jet scheme of X, Xoo 
the infinite jet scheme of X (or the arc space of X). In the case that X is an affine 
scheme Speci?, 



is a differential algebra generated by R. We denote by T the derivation of i?oo , and 
we set = r("-i)(a)/(n - 1)! for a £ i?oo, n > 1. 

If i? is a Poisson algebra, then Roa is equipped with the level vertex Poisson 
algebra structure [Aral0| Proposition 2.3.1]. It is a unique vertex Poisson algebra 
structure on Roo such that 




2. Preliminaries 



R. 



'OO 



C[Xoo] 




^That is, Lj,Ao principal admissible. 
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Here a(„) with > is the coefficient of z " ^ in the field (a, z) in the notation 
of |FBZ04| 16.2]. Throughout the paper by a Rao-module M we mean a module 
over the vertex Poisson algebra in the sense of [Li04] unless otherwise stated. In 
particular M is equipped with the action of a(„) with a S i?oo, 'n>Q, such that 

i>0 ^ ^ 

a(n)(^(-i)«) = (a(n)&)(-i)« + 6(-i)(a(«)w) 

for all a, 6 G -Roo, to, > 0, w £ M . 

Let be a simple Lie algebra as in Introduction, {x*; i G /} a basis of g. Then 
^[floo] = C[g*]oo — C[a;^_„j;i G I,n > 1]. Below we regard C[0^] as a vertex 
Poisson algebra with the level zero vertex Poisson algebra structure induced from 
the Kirillov-Kostant Poisson algebra structure on C[0*]. 

Let G be the adjoint group of g. The m-the jet scheme Gm of G is an algebraic 
group, which is isomorphic to a semi-direct product of G and a unipotent group. 
The infinite jet scheme Goo of G is a proalgebraic group G[[i]], which is isomorphic 
to a semi-direct product of G and a prounipotent group. We have Lie(Gm) = Qm — 
g[t]/(t™+^), and Lie(Goo) = 0oo = sM]- The group Goo acts on g^ by adjoint. 

For a C[g^]-module M, the assignment xCSit"^ X(„) with a; G g, n > 0, defines a 
g[t]-module structure on M. In fact a C[g^]-module is the same as a C[g^]-module 
M as a ring equipped with an action of g[t] such that a;(„) (am) — {x(n)o)m+ax(n)^ 
for a; G g, 71 > 0, a G C[g^], m G M, where — x®V^ . 

2.2. Singular supports and associated varieties of modules over vertex 
algebras. For a vertex algebra V ^ there is fLi05l a canonical decreasing filtration 
{F^V}^ which we refer to as the Li filtratior^. The associated graded space gr^ V — 
^ppyjpp+^y is naturally a vertex Poisson algebra. We have F^V — V and 
F^V = C2{V), where C2{V) is the hnear span of the vectors a(_2)6 with a,b £V. 
In particular gr-'^ V contains Zhu 's Poisson algebra Ry |Zhu96j as its subspace, 
where 

Rv V/C2(y). 

In fact Rv is a subring of gr-'^ V and its Poisson algebra structure can be obtained 
[Li05| by restricting the vertex Poisson algebra structure of gr-'^ V. 

Assume that V is finitely strongly generated, or equivalently, the ring Ry finitely 
generated. 

The spectrum SpecRy is called the associated variety of V and denoted by Xy- 
The embedding Ry ^ gr^ V induces [Li05, AralOj the surjective homomorphism 

{Rv)oo ^ gr^ V 

of vertex Poisson algebras. The closed subscheme 

SS{V) :=supp(fl,^)^(gr^y) 
of (Xy)oo is called singular support of V . We have 

dimS'S'(y) = ^ dimXy = <^ V is Gz-cofinite. 



The Li filtration is defined independent of tfie grading of V. Hence it unifies the notion of 
the standard filtration and the Kazhdan filtration in our case (compare |Kos78l [L^tiTQI IGG02| ) . 
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Here the first equivalence follows from the fact that 

Xv = TrooASS{V)), 

where tTqco ■ {Xv)qc ^ Xy is the natural projection. 

Assume that V is Q>o-graded by a Hamiltonian H, and let M = -^^d be a 

lower truncated graded T^-module, where = {m G Af; Hm = dm}. A compatible 
filtration of M is a decreasing filtration M = T'^M D T^M D ■ ■ ■ such that 

a(„)r«Af C rP+«""-iAf for a £ PPV, Vn G Z, 

a(„)r«A// C rP+«-"Af for a G F^F, n > 0, 

i?.rPAf C r^'Af for all p>0, 

r^Md = for p » 0, 

where TP Ma = MdnTPM. The associated graded space gr^ M = PPM/PP+^M 
a graded module over the graded vertex Poisson algebra gr^ V. 

We denote by {PPAI} the Li filtration ILiOSj of a F-module M, which is a 
compatible filtration. We have P°M/P'^M = M/C2{M), where C2{M) is the 
linear span of the vectors a(_2)TO with a G V^, m G M. The gr^ ^-module structure 
of gr^ M gives a i?v'-module structure on M/C2{M). 

Assume that M is finitely strongly generated over V, that is, M / C2{M) is finitely 
generated over Ry. The associated variety of M is by definition 

(7) XAf =supp^^(Af/C2(Af)), 
which is a Poisson subvariety of Xy- Clearly, 

M is C2-cofinite <==^> dim^Af = 0. 
The singular support of Af is by definition 

(8) 55(Af) = supp(^.^)^(gr^Af). 
Because 

(9) XM = ^o.fi{SS{M)), 

dim 55 (Af) = implies that dimX^f — 0. The converse is also true if V is 
conformal. 

The singular support SS{M) may be computed by using any good filtration of M, 
that is, a compatible filtration {TPM} of M such that gr^ M is finitely generated 
over gr^ A/. 

Throughout the paper {PPM} denotes the Li filtration and a general compatible 
filtration will he denoted by {r^Af}. 

2.3. Kac-Moody algebras and the category KL^. Let b be a Borel subalgebra 
of g, C b the Cartan subalgebra, A_|_ the corresponding set of positive roots, 
A = A+ U — A+. Let Qa the root space of root a G A, 6* the highest root, dg the 
highest short root, p = J2aeA "^Z^' ~ SogA "^^/-^i where = 2a/{a\a). 
Let n — {«!, . . . , ae} C A+ be the set of simple roots of A, where i is the rank of 

0- 

Let F+ = {A G f)*; A(a^) G Z>o for a G A+j, the set of the integral dominant 
weights of g. Denote by E\ the irreducible finite-dimensional representation of g 
with highest weight A G P+. 
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Let Q be the non-twisted afBnc Kac-Moody algebra associated with g: 
whose commutation relations are given by 

(m+n) 

+ m{x\y)dm+n,oK, 
[D, a;(„)] = ma;(^) , [K,q\=0 

with x,y € Q and m,n where = a;(8)t"* and ( | ) is a normalized invariant 
bilinear form on g. Set 

0:= \s,S]=S{t,t-^](BCK. 

Let l} = l}(SCK(SCDhc the standard Cartan subalgcbra of g, ^)* = t)* ®Cd® CAq 
the dual of J. Here d{D) = Ao{K) = 1, 6(1)) = Ao(f)) = d{K) = Ao{D) = 0. 

Set g+ = [b+, b+] + g[t]t cg,g- = [b-, b_] + g[t~'^]t~'^ C 5, where b- be the 
opposite Borel subalgebra of g. Then 

gives the standard triangular decomposition of g. Denote by A_|_ the correspond- 
ing set of positive roots of g, by A"^ the set of positive real roots of g, = 
J2aGA+ ^>oQ^ f)*- Let W be the subgroup of GL(f)*) generated by the reflection 

Sa with a e A;^, where Sq(A) = A — X{a^)a. The dot action of W on t)* is given 
hy w o X = w{X + p) — p, where p = p + h^Ao and /i^ is the dual Coxeter number 
of 0. 

For A G f}*, let L^ be the irreducible highest weight representation of g with 
highest weight A. 

For fc S C, let KLk be as in Introduction. The category KL^ is the full subcategory 
of the category of g-modules consisting of objects M satisfying 

• M has level k, that is, K acts on M as the multiplication by k, 

• M = 0rf£c ^d. and dim < oo for all d G C, where 

Md = {m e M; Dm = -dm}, 

• there exists a finite subset {di, . . . ,dr} of C such that = unless 

The action of 0[i] C g on M e KL/- integrates to the action of Goo = 

The irreducible representation La is an object of KLfe if and only if A e P^, 
where 

P+ ■.= {X€t)l;XeP+}. 

Here f)^ := {A £ t)*;X{K) = k} and ()* — ^ [)*, A A, is the restriction map. 
For A e Pj^, let Va G KL^ be the Weyl module with highest weight A: 

Va = U{9)u{s[t]®CK (SCD)E\, 

where E\ is the fl- module E^^ considered as a g[i] ® CK ® Ci'-module on which g[t]t 
acts trivially, K = kidsx and D = X{D)idEx- 

Let KL^ be the full subcategory of KL^ consisting of objects M that admits a 
Weyl flag, that is a finite filtration M = Mq D Mi D ■ ■ ■ D Mr = such that each 
successive quotient Mi/Mi+i is isomorphic to Va^ for some Aj. Any object of KL^ 
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is finitely generated and any finitely generated object of KLfc is a quotient of some 
object of KL^. 

2.4. Universal afRne vertex algebras and their associated graded vertex 
Poisson algebras. For k £ C, the Weyl module V^Aq is equipped with a unique 
vertex algebra structure such that 

1 — f(X)l is the vacuum, 

= x{z) := ^a;(„)Z~""^ for x £ q. 

The vertex algebra VfeAo is called universal affine vertex algebra associated with g 
and denoted by V'^{g). The vertex algebra V''{g) is graded by the Hamiltonian 

H = -D. 

We denote by 14 (g) be the unique simple graded quotient of V''{q). 

The category T^*^ (0)-Mod of F'^(£))-modules can be identified with the full sub- 
category of the category of g-modules consisting of g-modules M of level k such 
that x{z) is a field on M for any x £ g. In particular KL^ may be thought as a full 
subcategory of V'^{Q)-'Mod. We have Vk{Q) = LfcAo as g-modules. 

We have 

(10) i?y.(,)-C[0*], gT^V''{B) = C[BU 

as Poisson algebras and vertex Poisson algebras, respectively (see e.g., |AralO[ 
Proposition 2.7.1]). In particular 

Because the action of H on V'^ (g) stabilizes the Li filtration, the vertex Poisson 
algebra C[0i^] is graded by the Hamiltonian H. If M is a graded y'^(0)-module 
and {PPM} is a compatible filtration then gr'" M is a graded C[g^]-module. 

2.5. The category C. Let C be the full subcategory of the category of graded 
modules over the vertex Poisson algebra C[b^] consisting of modules M such that 
(1) dim Md < oo for all d G C, where Md = {m € M;Hm — dm}, (2) there exists 
a finite subset {di, . . . , dr} of C such that Md = unless d 6 lJl=i('^i + ^>o)- 

For M 6 C each homogeneous subspace Md is a direct sum of finite-dimensional 
representations oi g C Q[t]. The action of Q[t] on M integrates to the action of Goo- 
Let M G KLfe, {TPM} a compatible filtration. Then gr^ M is an object of C. 
We have gr^ Va = M{Ex, -\iD)), where 

M{E,d) = C[g*^](g)E 

for a finite-dimensional representation E oi g and d G C, whose graded C[g^]- 
module structure is given by 

a;(„) (migju) = (x(„-)m)(X)u for n ^ 0, 
a;(o)(TO®u) = (x(o)m)(X)u + TO®(x(o)'«), 
H{m®u) = {Hm®u) + d{m®u) 

for a; G 0, TO G C[0|5^], u e E. 
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Lemma 2.5.1. Let M he an object of C. Then there exists a filtration — AIq C 
Ml C ... such that (1) M = [jiMi, (2) each Nh/Mi-i is a quotient of M{Ei,di) 
for some finite dimensional simple Q-module Ei and di d C and (3) di dj for 
i < j . Moreover if M is finitely generated then there exists a finite filtration = 
Mq C Ml C • ■ • C Mr — M with this property. 

3. Jet schemes of Slodowy slices and their modules 

In this section we collect some fundamental facts about jet schemes of Slodowy 
slices and prove two (co)homology vanishing assertions Propositions 13.6. Tl 13.7.11 

3.1. Jet schemes of Slodovify slices. Let / be a nilpotent element of g. By 
the Jacobson-Morozov theorem, / can be embedded into an s[2-subalgebra s — 
spangle, /i, /}, so that 

[h,e]^2e, [h,f] = -2f, [ej]^h. 
We assume that (e|/) = 1. The form ( | ) gives an isomorphism 

: g ^ g* 

of G-modules. The induced isomorphisms g,„ A gjjj and goo —> stc denoted by 
i/qo and Vm, respectively. 

Let Xoo, Xm and x be the images of / e goo, / + e g™ and / G g by i^oo, 

i^m and I/, respectively. Then (Xoo), X = 7roo,o(Xoo) = TTrnfiiXm), whcrC 

TToo.o : -^oo X and TTm^o : X are the projections. 

Let A/" C g* be the image of the set of nilpotent elements of g, and let 5 C g* 
be the image of / + g*^, where g'^ is the centralizer of e in g. The affine space S is 
transversal at x to Ad G.x, and is often called the Slodowy slice. 

We have 

<Sm = Xm + VmiQtn) ^ flm. '5oo = Xoo + i^ooCfl^) C g^. 

Because g™ — [g^, /] ® g^, one has the following assertion. 

Lemma 3.1.1. The affine space Sm is transverse to the orbit Ad Gm.Xm o.t Xm 
for any m > 0. 

It is known |GG021 §3] that the Poisson structure of g* restricts to S. Here 
C[5oo] is equipped with the level zero vertex Poisson algebra induced from the 
Poisson structure of C[5]. 

3.2. Good gradings. Let 

(11) fl. = 0. 

be a good grading [KRW03j for s, that is, a ^Z-grading of g such that 

(12) eGgi, /i e go, / e g-i, 

(13) ad / : g^ Qj-i is injective for j > —, 

(14) ad / : g^ — s- Qj-i is surjective for j < -. 

Let xq be the element in go which defines the grading, i.e., 

Qj ^ {x eg; [xo,x] = jx}. 
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Good gradings were classified in jEK05| . The grading defined by xq — h/2 is 
obviously good and is called the Dynkin grading. 

We assume that the grading (jlip is compatible with the triangular decomposition 
o/g, that is, b+ C 0j>o0j, f) C go and h,xo G f). 

Put 

Aj = {a e A;ga c gj}, Ao,+ = A+nAo, 
so that A = Ujgiz Aj, A+ - Ao,+ U U,>o ^j- 
3.3. The fundamental isomorphisms. Set 

m = 00j, n = gi®0gj. 

j>i j>i 

Then m C n, and they are both nilpotent subalgebras of g. 

Denote by N the unipotent subgroup of G with Lie(A^) — n. It is known from 
|Kos781 IGG02j the coadjoint action map gives the isomorphism of affine varieties 

(15) N X S ^ x + m^, 

where C g* is the annihilator of m. Since {X x Y)„i = Xm x Y„i, we immediately 
get the following assertion. 

Proposition 3.3.1. The coadjoint action maps give the following isomorphisms: 
N„, X 

Sm ^ Xm + (iTl )in for all 771 > 0, 
oo ■ 

For a Lie algebra a and a-module M, we write iJ*j^(a, M) (respectively ^^^"'(a, M)) 
for the Lie algebra a-cohomology (respectively a-homology) with the coefficient in 
a a-module M. 



Corollary 3.3.2. 

i?Lic(n™,C[x. + (m^)™]) 



C[S„r] fori = 0, 
for i > 0, 



rji r , f M n^JC[5oo] fori^Q, 

10 for I > 0. 

3.4. The C*-action. Let 1^0 be the ideal of C[g^] generated by a; — Xoo{x) with 
X e m[t-^]t-\ - /oo n C[g*J. Then 

C[xoo + (m^)..] = C[g:,]//oo, C[x™ + (m^U = C[g*J/I^. 

Set 

i/ncw = H - (a;o)(o) £ EndC[g;;„]. 
This defines a new ^Z-grading on the vertex Poisson algebra C[g|5^]: 

C[g|5o] = C[g^]A,ncw, C[g;^]A,ncw = {« G C[g^];i/„cwa = Aa}. 
The operator Hnew gives a new grading on M e C as well. 
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As easily seen i?ncw stabilizes loo and loo- Therefore it acts on C[xoo + (na^)oo] 
and C[xm + {m^)m]- It gives non-negative gradings 

(16) C[xoc + (m^)oo] = C[xoo + (m^)oo]A, diniC[xoo + (m^)oo]o = 1, 

Aeiz>o 

(17) C[xm + (m^)oo] = C[xm + (m^),„]A, diniC[x™ + (m^),„]o = l, 

Aeiz>o 

where C[xoo + (ni^)oo]A and C[xm + (Tn^)m]A are eigenspaces of -ffncw with eigen- 
value A. This gives C*-actions on Xoo + (iTi^)oo and Xoo + (Tn-'-)oo, which contract 
to the unique fixed points Xoo and Xm, respectively. Therefore by Lemma [3.1.11 and 
|Gin09l 1.4] we have the following assertion. 

Proposition 3.4.1. For each m > 0, any Gm orbit in Q^n rneets the ajfine space 
X + {m-^)m transversely. 

As n[t] is stable under the adjoint action of -ff„cw, it follows from Corollary 13. 3. 21 
that there are induced contracting C*-actions on Soo and Sm as well. 

3.5. The flatness. Let C[m|^]xoo be the localization of the polynomial algebra 
C[mi^] at the point Xoo- 

Proposition 3.5.1. Let M be a finitely generated object of C. Then, for any 
X G Xoo + (iTi^'')oo, the localization Mx of M at x is flat over C[tn^];^. 

Proof. By Lemma I2.5.1[ it suffice to prove the assertion in the case that M is a 
quotient of M{E, d) for some finite-dimensional simple g-module E and d S C. 

Let U be the image of C^E C M{E, d) under the quotient map M{E, d) M. 
Set Mr = C[q*]U. Then M = IJ^Mr. Note that the Goo-module structure of M 
induces the G^-module structure on Mr. 

We have C[m*];^.^ C C[m,*^i]x^_i_i andC[m^]x^ =Ur*^[^*]xr- Let = 7roo,r(a^)• 
Then Mx = [Jri-^r)xr- By ,Eis95, Corollary 6.5] it is sufficient to show that each 
{Mr)x^ is flat over C[m*]x,- 

Let Mr be the sheaf on the affine space g* corresponding to the C[0*] -module 
Mr. Because Mr is Gr-equivalent and coherent, we can apply by Proposition 13.4.11 
the argument of |Gin09| Corollary 1.3.8] to get that {Mr)xr is flat over C[m*_,]. 
This completes the proof. □ 

3.6. A homology vanishing. Let {j/,} be a basis of m[i~^]t~^. Set 

ti = yi- xivi), 

so that 

(18) Ioo^Y.t^C[gU- 

i 

For a module M over C[m^] as a ring, let H^°%m[t-^]t^^ , M^C-^) denote the 
homology of the Koszul complex associated with M and the sequence ti,t2, . . . . By 
definition 

H^°^{m[t-^]t'\M(g)C-^) = M/IooM. 

Proposition 3.6.1. We have i/f °^(m[i"i]i"\ M^C-^) = for i > and any 

abject M of C. 
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Let 

Mtor = {m e M; = for all x e Xoo + (Tn^)oo}- 

Then Mtor is a submodule of M over C[m^] as a ring. 

The following assertion follows from }Eis95[ Proposition 17.14b]. 

Lemma 3.6.2. H^°''{m[t'^^]t~^ , Mtor^C-^) =0. 

Proof of Proposition \3.6.1[ We may assume that M is finitely generated as the 
homology functor commutates with the inductive limits. Set M = M/Mtar- By 
Lemma [3.6.21 it suffices to show that 

Hf°''{m[t-^]t-^,M(E>C-x) = for i > 0. 

Clearly, we may assume that A7 ^ 0. It is enough to show that {^1,^2, • ■ • } is a 
regular sequence on M, that is, tr is not a zero divisor of M/J2l=iti^J^ for 
r > 0. _ 

Let a e M such that Ua S tiM. By localizing it at x e Xoo + (ni^)oo, we 

get that trttx 6 tiMx- Because = for 2: G x + (ni''')oo, is flat over 

'^[^oolxoo by Proposition 13.5.11 In particular {^1,^2 . . . , } is a regular sequence on 
Mx ( |Eis95[ Exercise 18.18]). This forces Qx — for any x G Xoc + (Tn^)oo- Hence 
we get that a = 0. This completes the proof. □ 

3.7. A cohomology vanishing. Let M be an object of C. Then M//00 is naturally 
a module over C[m^] as a ring. Because the action of n[t] C g[t] on M stabilizes 
looM, M/IaoM is a n[i]-module. We have 

(19) {<C[QUIIoof'^ = C[5oo] 

as differential algebras by CoroUarv 13.3.21 Thus (M//00M)"'*' is a module over 
C[iSoo] as a ring^H. 

The proof of the following assertion is based on jGG021 6.2]. 

Proposition 3.7.1. Let M e C. Then we have Hli^{n[t\, M/ looM) = fori>0. 

Proof. We show that the multiplication map 

^ ■■ C[xoo + (m^)oo]®c[s^](M//ooAf)"[*i ^ M/I^M 
is an isomorphism of n[t]-modules. This proves the assertion because 

^Lie (n[t],C[Xco + (m^)co]®c[5^](Af//ooM)"W) 

(n[t],C[iVoo]®(M//ooAf)"'*') (by Proposition EXJ]) 

Hl,^ (n[t], C[iVoo]) ®(Af//ooAf )"W 

f(Af//ooAr)'^[*l fori = 0, 
[0 fori>0. 

To prove </? is an isomorphism we have only to show that (ker(^)"[*l = and 
(coker(^)"[*l = because n[t] acts locally nilpotently on kevip and coker ip. 

Applying the left exact functor Hi^^^{n[t],7) to the exact sequence kenp 
C[xoo + (tn-L)oo]«)c[5oo](A^//ooAf)"l*I M/IooM, we obtain the exact sequence 



(20) 



l^We will see in (the proof of) Theorem that (Af//oo Af)"[*l is actually a C[<Soo]-module 
as a vertex Poisson algebra. 
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(kerv3)"[*l -> (Af//ooM)''[*l ^ (M/IooM)"'*! • This gives that (ker 0. Simi- 

larly, the exact sequence C[xoo + (m-L)oo]®c[5oo] (W^ooM)"[*l ^ M/I^M 
coker if ^ gives the exact sequence 

(M//ooM)"[*l ^ (M//ooM)"[*l ^ (coker -> 

by the vanishing of in pop . This gives that (coker <y9)"[*l = 0, completing the 
proof. □ 

By Propositions I3.6.T] and [5".7.1l the assignment M i— > (Af//ooM)"[*l yields an 
exact functor from C to the category of C[iSoo]-modules. 

Proposition 3.7.2. Let M be a finitely generated object of C . Then (Af//ooM)"[*l 
is finitely generated over C[iSoo] as o, ring. 

Proof. By Lemma 12.5.11 and the exactness of the functor it suffice to prove the 
assertion for M — M(E, d) with some finite-dimensional simple g-modulc E and 
d € C But in this case the assertion is obvious because 

(M//ooM)"[*l ^ ((C[B:,]//^)®i?)"[*l = C[S^]<E>E. 

□ 

4. Associated varieties of module over affine vertex algebras and 

AFFINE ly-ALGEBRAS 

In this section we establish the relation between the associated varieties of mod- 
ules over Q and those over W'°(g, /) by proving Theorems 14.4.51 14.4.61 14.5.21 and 
14.6.21 As an application in §4. 71 we give a proof of the characterization of integrable 
representations of g in terms of vertex algebra theory. In §4.91 we comment on the 
critical level case, which is of another interest. 

4.1. The BRST complex of the generalized quantized Drinfeld-Sokolov 
reduction. ( [KRW03|. IKW04| . see also |Ara05j .) For a l/'=(g)-module Af, let 
(C(Af),Q(o)) be the BRST complex of the generalized quantized Drinfeld-Sokolov 
reduction associated with (g,/, xo). We have 

C{M) - l^'=(0)«)J^®/\^^' = 0C*(Af), C\M) = V''{Q)m^®/\^'^\ 

where S'^ is the vertex algebra of neutral free superfermions, A ^ ^* — ®iez A ^ ^' 
is the vertex algebra of the semi-infinite forms associated with n[t,t^^], and Q(^o) 
is a zero mode of a certain odd element Q e C^{M) satisfying Q{z)Q{w) ^ 0. We 
set 

HJ+\M) := H'{C{M)) = H'{C{M),Q^o)), 

W^igJ) :^H/+\v''{q)). 

Being a tensor product of vertex (super)algebras, C{V'^{q)) is a vertex (su- 
per)algebra. It follows that 'W'^(0, /) inherits the vertex algebra structure from 
C(F'^(g)). The vertex algebra W'^(g,/) is called the (universal) W-algebra as- 
sociated with (g, /) at level k. It is a conformal vertex algebra provided that 
k ^ -K^. For a T/'=(g)-module Af, the C(V'=(g))-module structure on C{M) 
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induces the 1^*^(0, /)-module structure on H^^'{M). It follows that the as- 
signment M H^{C{M)) gives a functor F''(g)-Mod W''(0,/)-Mod, where 
^'^(07 /)-Mod denotes the category of W'''(g, /)-modules. 
By abuse of notation we set 

-ffnow -D - xo e t). 

The operator iJnew gives a ^Z-grading on C(F'^(g)), where [) acts on C(V'^(0)) 
diagonally (see |Ara05[ §3]). Because TJnow commutes with Q(o), the vertex algebra 
W'^(g,/) is ^Z-graded by the Hamiltonian H^cw Similarly, for M S KL^, the 
W'=(0,/)-module Hj^' {M) is graded by i?„ew Set 

Hj^'{M)d := {to e H/^'{M);Hnc^m = ^to}. 
Then is the cohomology of the subcomplex 

C{M)d := {to e C{M)]H^c^m = dm}, 
and we have the decomposition 

dec 

We denote by Wfc(g, /) the unique simple graded quotient of W'^(g, /). 

Remark 4.1.1. The character of all highest weight representations of W"'(g, /) was 
determined for a principal nilpotent element fpri in |Ara07| . It was determined 
for a minimal nilpotent element /min in [AraOSj provided that k ^ —W. For 
Q = sl£+i, one can choose a good even grading for any nilpotent element /, so that 
W''(s[f+i, /) is Z>o-graded. In this case the character of all ordinary representations 
of W'^(s[^+i, /) was determined in |Ara08| provided that k ^ —K^. 

4.2. The right exactness of the functor H (?). 

Theorem 4.2.1 ( |KW04[ Theorem 6.3]). (i) LetM £ KL^ ■ Then Hf^\M) 

for all i ^ 0. In particular HJ^ {V {&)) = /or all i 0. 
(ii) For \ £ Pi, we have H/^°{Vx) = © Hl^°{Vx)d and 

dimiJj^ ^''(Va)^ < oo for all d G C In particular Hjp ^^(M),^ is finite- 
dimensional for all d E C, M £ KL^. 

Theorem 4.2.2. Let M e KU. Then H^^\M) = for all i > 0. Therefore the 
functor : KU- W'^(g, /)-Mod is right exact. 

Proof. By Theorem I4.2.2[ the assertion can be proven in the similar manner as 
|AM09| Theorem 3.4]. □ 

Corollary 4.2.3. Let M he a finitely generated object of KL^. Then H '^'^ (M)d 
is finite- dimensional for all d E C 
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4.3. Cohomology vanishing of associated graded BRST complexes. The 

following two assertions are easily seen from the definition |KRW03| . 

Lemma 4.3.1. (i) We have R'jx — ^[91/2] '^■^ Poisson algebras, where the 

Poisson structure o/C[g*^2] '■^ given by the symplectic form x gi/2 
C,{x,y) ^ {f,[x,y]). 
(ii) The homomorphism 'C[{q*^i^oo] = (-Rg^x)oo gr^ is an isomorphism 
of vertex Poisson algebras. 

Lemma 4.3.2. (i) R^^+, = /\*(n)(X) /\*(n*) as Poisson superalgebras, where 

the Poisson superalgebra structure on the right-hand- side is given by 

{i^f,'4^x} = f{x), {iIjx,iI^x'} = {V'/, V'/'} = 

for x,x' G n, /, /' G n*. Here ipx (respectively ipf) denotes the element of 
/\^(n) (respectively /\^(n*) ) corresponding to x G n (respectively to f G n*). 

(ii) gr^/\~^* — A*('^[^^^]^^^)® A*('^*[''^^]) "^'^ vertex Poisson superalgebras, 
where the vertex Poisson superalgebra structure of the right-hand-side is the 
level vertex Poisson superalgebra induced from the Poisson superalgebra 
structure of /\'{n)(g) /\'{n*). 

Let M be a y''(0)-module. The Li filtration of C(M) is given by 
FPC{M)^ F''M(g)F''3^(g)F* /\~^' . 

r-\-s-\-t—p 

More generally, for a compatible filtration {F^M} of M, 

(21) TPCiM) -.^ Y T^''M(g)F'3^(g)F* /\^^' 

r+s+t— p 

defines a compatible filtration of C(V^(g))-module C(M). We have: 

grrc(A/)=grrM®C[(0*/2)J®/\'(nri]i-i)®/\'(n*ri]). 

If {TPM} is a good fihration then so is {TPCiM)}. 

We have 0(o)rPC(M) C rPC{M). Thus, (gr^ C(M), Q(o)) is a cochain complex. 
It follows that the zeroth cohomology ff°(gr^ C{V''{q))) is a vertex Poisson algebra, 
and H'{gr^ C{M)) is a module over the vertex Poisson algebra H'^{gr^ C{V''{q))). 

Theorem 4.3.3. (i) We have H'{gi^ C{V''{3))) ^ for all i ^ 0, and 

H^{gi^ C{V''{q))) = C[5oo] as vertex Poisson algebras. 
(ii) Let M G KL^, {TPM} a compatible filtration of M. Then 

H^igr-CiM))^l^^^'''/'-^^'''y'' f^^'-'^ 
^ " \0 fori^Q 

as modules over i?0(gr^ C{V''{q))) = <C[Soo\- 
Proof, (ii) Set 

C = grrc(M)= 

i<Oj>0 

where 

a,, = gr^ M®<C[{Q\f2)oo\® f\\n[t-^]t-^)® /\' (n* [t"^]). 
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From the explicit form |KRW03] of Q, we see that the operator Q(q) decomposes 
as 

Q(o) 

where Q~Ci,j C Ci+ij and Q^Ci,j C Qj+i- Because Q^q^ — 0, we get that 

Consider the spectral sequence Er ^ H'{C) whose zeroth differential is Q~ 
and first differential is . This is a converging spectral sequence because the 
complex C is a direct sum of subcomplexes TPC{M) /V^'^'^C{M) with p S Z, and 
(rPC(M)/rP+iC(M)) n C^-^ = O for j > O by (EI]). 

By definition the i?i-term is the cohomology of the complex (C, Q~)- Consider 
the decomposition 

(22) C = &^^®&^^®&^\ 

where 

cw-c[(0i/2):o]®A'(0i/2r'r'), 

=gri^M®/\'(m[t-i]t-i), 

and (7(3) = /\'(n*[i"i]). From the explicit form of Q- we find that ^ is a 
tensor product decomposition of the complex {C,Q~), where C'(^) is viewed as the 
Koszul complex with the C[(0^^2)oo]-niodule C[(0^^2)oo] associated with a sequence 
consisting of a basis of fli/2[i~^]i~^, C'*'^' is viewed as a Koszul complex of gr^ M 
considered in i j3.6l and C^^^ is regarded as a trivial complex. Therefore Proposition 
13.6.11 gives that 

f (gr^ M/Ioo gr^ M)®A'(n*[t-i]) for i = 
1 for i ^ 0. 



(23) H\C,Q- 



Next let us compute the _E2-term. We find from the explicit form of and 
that the complex (iJ"(C', Q-), (5+) is identical to the the Chevalley complex 
for computing Lie algebra cohomology Hl^-^^{n[t],gT:^ M / Iq^S^^ M) considered in 
i )3.7l Therefore Proposition 13. 7.11 gives that 

' (gr^ //oo gr^ A/)"[*l for i = j = 0, 
otherwise. 



(24) H\W{C,Q-),Q+) 



Therefore the spectral sequence collapse at E2 — Eoo, proving the assertion (ii). 
Note that E'^' lies entirely in iS^'^i and therefore the corresponding filtration of 
H°{gT^C{M)) is trivial. 

Applying (ii) to M = V^{q) and T ^ F, we obtain the cohomology vanishing 
assertion of (i) and an isomorphism 

(25) a>:i7"(gr^C(F'=(0)))-^C[5oo]. 

The triviality of the filtration associated with the spectral sequence considered 
above implies that $ is an isomorphism of differential algebras. It remains to show 
that $ is an isomorphism of vertex Poisson algebras. 

Consider the subcomplex i?p(v"=(g)) of gr^ C{V'^{q)). We have 
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as Poisson algebras. It follows from the explicit form of Q(q) that the assignment 
Rc(v''{b)) — ^ f^'^i^^V'iB)) is exactly the BRST realization |KS87| of Hamiltonian 
reduction described in |GG021 §3.2]. Hence the restriction of $ gives the isomor- 
phism 

of Poisson algebras. 

Since C[5oo] is generated by its subring C[iS], iJ*'(gr^ C{V'^{g))) is also generated 
by i?°(i?(7(vfo(g))) as a differential algebra. By the property of the Li filtration we 
have a(„)6 = for n > 0, a, 6 £ This means that the vertex 

Poisson algebra structure of iJ°(gr^ C(F'^(g))) coincides with that of C[iSoo] on 
the generating subspaces H'^{Rc{v''{g))) — But we have shown in |Aral01 

Proposition 2.3.1] that this uniquely determines the whole vertex Poison algebra 
structure. This completes the proof. □ 

Consider the decomposition _ff (gr'" C(M)) — ^^^^ H{gr^ C{M))j_^ where 

i?(gri^ C{M))d = {m e gv^ C{M); H^.^m - dm}. 

Proposition 4.3.4. (i) Let M e KL^, {TPM} a compatible filtration. Then 

H^{gi^ C{M))d is finite- dimensional for all d G C. 
(ii) Let M be a finitely generated object ofKLk, {F^Af} a compatible filtration. 
Then H'~'{gr^ C{M))d is finite- dimensional for all d G C. 

Proof, (i) By Theorems 14. 2. 11 [4. 3. 31 and the Euler-Poincare principle it follows that 
dim_ff°(gr'" C{M))d = dimiJy^ ^°(M)d for all d. Hence the assertion follows from 
Theorem l4. 2.11 (11). (ii) Because M is finitely generated, there is a surjection (f) : P ^ 
M with some P e Klf". Let T^P = (j)-^{TPM). Then {TPP} gives a compatible 
filtration of P. By Theorem I4.3.3[ the surjection gr'" P gT^ M gives rise to a 
surjection H'^{gi^ P) H^{gr^ M). Therefore (ii) follows from (i). □ 

4.4. Strong vanishing of BRST cohomology. Below we denote by Md the 
eigenspace of i?now with eigenvalue d for a semisimple CiJncw-module M . 

Let M be a finitely generated object of KL^, {F^'M} a compatible filtration. We 
want to show that {TPC{M)d] is a regular filtration of the complex C{M)d in the 
sense of of [CE56i p.324], that is, H'{TPC{M)d) = for a sufficiently large p. 

Proposition AAA. Let M S KL^, {F^M} a compatible filtration. 

(i) We have W{C{M) /TPC{M)) = for alli^Q and p>l. 

(ii) Let d G C and suppose that {gr^ C{M))d is finite-dimensional. Then 
there exists pq N such that 

dim H°{C{M) /TP C{M))d = dim ij" (gr^ C(M))d 

for all p > Pq. 

Proof (i) Set C = C{M), ViC/TPC) = F''C/(F''C n F^C). Then, {F''(C/FPC)} 
is a regular filtration of the complex C/TPC, and we have the corresponding con- 
verging spectral sequence. Because the complex gr^(C/FPC) is a direct summand 
of gr^C, Theorem 1133] gives that H^gi^ (C/TPC)) = for i 7^ 0. Therefore the 



18 



TOMOYUKI ARAKAWA 



spectral sequence collapses at Ei ~ Eoo, and we get that 

(26) H\C/VPC) = for i ^ 0, 

p-i 

(27) gr^ H°{c/rpc) = i7°(gr^(c/rpc)) = H°{rc/r+^c). 

The assertion (ii) follows from ^7} . □ 

Let M G KLfc, {TPM} a compatible filtration. Let {rPH^~^'{M)} be the in- 
duced filtration of H^^ {M), i.e., 

YPRj^'iM) = lrR{H'{rPC{M))) H'{C{M)) C H/'^''{M). 

Proposition 4.4.2. Let M G KLfe, {F^Af} a compatible filtration. Then for each 
dec, Hf^\M)d ^ TPHf^\M)d for all i ^ Q and p>l. 

Proof. We have the injection 

(28) HJ^\M)/TPHJ^\M) ^ W {C{M) /TPC{M)). 

But H'{C{M)/TPC{M)) = for ah i ^ by Proposition gXT] □ 

Proposition 4.4.3. Let A I be a finitely generated object of KLk. Then the following 
conditions are equivalent. 

(i) H/^\M) = for all i 0. 

(ii) For any compatible filtration {F^Af }, we have TPLI (M) = for i 0, 
p>0 and FPi?^+°(M)d ^ for p :$> 0, d e C. 

(iii) For any compatible filtration {F^Af}, we have H^(TPC{M)) — for i ^ 0, 
p>0 and H^{TPC{M))d = for p :^ 0, d e C. 

(iv) There exists a compatible filtration {TPM} such that H*{TPC{M))d — 
/or p > 0, de C. 

Proof. Put C = C{M). The direction (iii) (iv) is obvious. The condition (iv) 
means that the filtration {VPC{M)d] is regular. Therefore, the associated spectral 
sequence converges to H (M). By Theorem 14.3.31 this collapses at Ei = Eoo, 
and hence (iv) implies (i). Next let us show that (i) implies (ii). By Proposition 
liX^ TPHj^'iM) = for aU i^Q. It remains to show that TPHj^°{M)d = 
for p 3> 0. Consider the composition 

(29) H/^°{M) -» H/^°{M)/rPH/^°{M) ^ H"{C/rPC). 

By Propositions ion SXH H"{C/TPC)d = H"{gT^ C)d for p » 0. On the other 
hand, from the assumption. Theorem 14.3.31 and the Euler-Poincare principle it 
follows that dimi?/ (Af)d = dimi?°(gr^ C)^. Hence the two maps in (|29p must 
be isomorphisms for p ^ 0, proving (ii). Finally, let us show (ii) implies (iii). By the 
assumption and the injectivity of (l28l) . H ~^\M)d is embedded into H^{C /TPC)d 
for p » 0. Therefore, Proposition iXT] gives that H/^\M) = for i 7^ 0. 
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By considering the long exact sequence corresponding to the exact sequence — > 
TPC -^C ^ C/TPC 0, we get that 

W{rPC)^0 fori 7^ 0,1, 

^ H°irPC) ^ H/^\m) H°{C/rPC) H^TPC) ^ O (exact). 

But from the cohomology vanishing we know that the maps in (1291) are isomorphisms 
for p ^ 0. Thus the middle map of the above exact sequence is an isomorphism. 
This show that H^{VPC)d = H^{TPC)d = for p > 0, completing the proof. □ 

Proposition AAA. Let M he an object o/KLfc, {TPM} a compatible filtration. 

(i) We have W{TPC{M)) ^0 fori>0. 

(ii) Let c? S C and suppose that H^{gr^ C{M))d is finite- dimensional. Then 
and H^{TPC{M))d = for a sufficiently large p. 

Proof, (i) The fact that W{TPC{M))d = for i > 2 follows from Theorem gXl] 
and Proposition 14.4.11 bv considering the long exact sequence associated with the 
short exact sequence 

(30) ^ TPC{M) C{M) C{M)/TPC{M) 0. 

To prove H^(TPC{M)) — 0, let us first assume that M is finitely generated, so that 
there is an exact sequence 

(31) 0^ N ^ P \m ^0 

in KLfc with P e KLf . Put F^P = (j)-^{TPM), TPN = N (1 TPP. Then {TPP} and 
{ppjV} are compatible as well. By Theorem 14.2.11 and Proposition 14.4.31 we have 
W{TPC{P)) = for i ^ 0. Thus the exact sequence TPN TPP TPM 
gives H^{TPC{M)) = as H'^{TpC{N)) = 0. 

Next let M be arbitrary. There is an increasing series = Mq C Mi C . . . of 
finitely generated submodules of M such that M = IJ - Ah. Let TP Mi = Mi n F^M 
be the induced filtration. Because the cohomology functor commutes with the 
injective limits we get that H^{rPC{M)) = limiJi(F?'C(M,)) = 0. 

(ii) First, assume that M is finitely generated, so that (|3T|) exists. By (i), we 
get the surjection H°{TPC{P))d H°(TPC{M))d by considering the long exact 
sequence associated with the short exact sequence F^'C(A^) — ?> TPC{P) —^■ 
TPC{M) 0. As H°{TPC{P))d = for p > by Theorem |4XT] and Proposition 
14X31 we get that H^{TPC{M))d = for p > 0. Note that we then have 

gv^H^^\M) = H'igr^C{M)). 

Next let M be arbitrary. By Proposition 14.4.11 and (i) the long exact sequence 
associated with ([30l) gives the exact sequence 

^ H°{TPCiM))d ^ Hj^°{M)d H°{C{M)/rPC{M))d ^ 0. 
Therefore, by Proposition 14.4.11 it is sufficient to show that 

(32) dimHf^"{M)d = dimi/°(gr^ C{M))d. 

Consider the increasing series = Mq C Mi C . . . of finitely generated submod- 
ules of M such that M = [J^ Mi as above, and let F^Mi be the induced filtration. 
By Theorem HAS] 77° (gr^ C{Mi)) C H°{gT^ C(M)) and we have H°{gr^ C(M)) = 
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IJ- H^{gr^ C{Mi)). Because H^{gv^ C{M))d is finite-dimensional there exists zq G 
N such that 

(33) H\gr^ C{M,))d = H\gr'' C[M))d for i > iq, 

or equivalently, i?°(gr^ C{Mi/Mig j)d = for z > io by Proposition l4.4.1l Because 
gr^ H/+°{M,) = H^igT^CiMi)) and gr^ H/+°iM,/Mj = H°{gr^ C{M,/M,,)), 
it follows that the embedding Mig Mi induces an isomorphism 

i/f +°(Af,Jd ^ Hf^\KU)d for i > io. 

Hence Hf^^{M)d = \im H^^"{M,)d ^ H^^°{M,„)d, proving This com- 

pletes the proof. □ 

Theorem 4.4.5. W^e /laue iJ^^ (M) — /or i / and for any object M in KLfc. 
In particular the functor KL^ 'W'^(g, /)-Mod, M i-^' H^'^°{M), is exact. 

Proof. By Proposition 14.4.41 it remains to show that H^^ ^^{M) = for all z < — 1. 
We proceed by induction on i. Because the cohomology functor commutes with 
the injective limits we may assume that M is finitely generated. Thus, there is 
P S KL^ and an exact sequence 

(34) O^N^P^M^O 

in KLfc. Let {TPP} be a compatible fihration of P, and let {r^M} and {TPN} 
be induced filtration. We have the short exact sequence — gr'" N gi^ P 
gr^ M ^ 0, that induces an exact sequence H°{gT^ C{N)) H'^{gT^ C{P)) 
H°{gT^C{M)) by Theorem lOISl It follows from Proposition l4X4l that 
H°lgr^ C{N))d, H°{gT^C{P))d and H°{gT^C{M))d are finite-dimensional for aU 

dec. 

We have the commutative diagram 
^ Hj'\M)d Hj+\N)d Hj^\p)d Hj^\M)d 

H°{Ci/rpCi)d -> H^{C2/rpc2)d -> -ff°(C3/rpc3)d ^ o, 

where Ci = C{N), C2 = C(P), C3 = C(M). But the vertical arrows are ah 
isomorphisms by Proposition 14.4.41 for a sufficiently large p. Therefore we get that 
Hf~\M)^0. 

— —i 

Next suppose that we have shown that Hj.^ (M) = for all objects M e KL^. 
Since H^^ * ^ (P) = by Theorem I4.2.1[ the long exact sequence associated with 
(PT|) gives that H^''~\m) = as desired. □ 

Theorem 4.4.6. (i) The Li filtration ofV''{Q) induces the Li filtration of the 

vertex algebra W'=(g,/), that is, FPW''{qJ) = lra{H°{FPC{V''{2))) 
W'^(g,/)). We have gi^ W'^{q, f) = C[Soo] o,s vertex Poisson algebras. 
(ii) Let M be a finitely generated object of KL^, {F^'Af} be a compatible filtra- 
tion of M . Then 

gT^ Hf+\M) - iJ°(grr C{M)) - (gr^ M/I^ gr^ Af)"^!*! 

as modules over the vertex Poisson algebras C[iSoo]- 
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Proof. Let M G KL^, {F^M} be a compatible filtration. Proposition 14.4.31 and 
Theorem 14.4.51 immediately give the isomorphism 



as vertex Poisson algebras by Theorems 14.3.31 and 14.4.61 

Choose vectors {at} of "W*''(0,/) such that their images {ai} under the symbol 
map W'=(0,/) ^ gT^W'^ieJ) = C[5oo] generate C[S] C C[5oo]. Because C[5oo] 
is generated by C[iS] as differential algebras it follows that "^^(9, /) is strongly 
generated by {a^}. It follows from [AralOl Proposition 2.6.1] and |Li041 Theorem 
4.14] that FP'W''{q, f) C rPW'^(g, /) for all p. Hence there is a homomorphism 



of vertex Poisson algebras. 

Because gr^ W^(g, /) is generated by the images of (Xi S 0(S cL differential algebra 
( |Li051 Lemma 4]), it follows that (l37t is surjective. But since dimgr^ W^(g, f)d — 
dimgr'" W'^(g, f)d = dimW'^(g, f)d for each d, the map ([57]) must be a bijection. □ 

Corollary 4.4.7 f jDSK06| ). We have Ry^k^^j-^ = C[<S] as Poisson algebras. 

Corollary 4.4.8. The vertex algebra Hjp ^°(Vfc(g)) is C2-cofinite if and only if it is 
C2-cofinite as a module over W'^(g, /). In this case the simple W -algebra Wfc(0, /) 
is also C2-cofinite. 

Proof. The first assertion follows from the fact that H ^°(Vfe(g)) is a quotient 
vertex algebra of W'^(g, /) by Theorem 14.4.51 The same fact shows that Wfe(g, /) 
is a quotient of H ^''(Vfc(g)), proving the second assertion. □ 

4.5. BRST Reduction of associated varieties. 

Proposition 4.5.1. Let M be a finitely generated object of KLfe, {r^M} a good 
filtration of M . Then {F^TJ^^ ~''°(M)} is also a good filtration of H ^ ^°(M). In 
particular, ^'^(M) is finitely strongly generated over W'^{Q,f). 

Proof. The assertion follows from Proposition [X7^ and Theorem 14.4.61 □ 

We identify gr-'^ W''(g, /) and i?-wfc(g j) with C[5oo] and C[S], respectively, through 

Theorem l4.4.6l and Corollarv l4.4.7l Thus, for a finitely generated object M of KL^, 

— +0 

is a C*-invariant subscheme of Soo, and X !^+o a C*-invariant 
Poisson subvariety of S. 

Theorem 4.5.2. Let M be a finitely generated object of KLk . 

(i) The singular support SS{II ? ^"(A/)) is isomorphic to the scheme theoretic 



(35) 





(g, /)). Then we have 



(37) 



gr^W^-(fl,/)^gr^W^'(0,/) 



intersection SS{M) D Soo 
(ii) The associated variety X 

intersection Xm H S. 




(M) 



is isomorphic to the scheme theoretic 
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Proof, (i) follows from Theorem 14.4.61 and Proposition 14.5.11 (ii) follows (i) and 

□ 

Proposition 4.5.3. Let M be a finitely generated object o/KLfc. Then H ? ^°(Af) ^ 



if and only if Xm contains the closure AdG • x coadjoint orbit AdG ■ X- 

Proof. Because +o^^^^ is stable under the C*-action, it follows that HJ^ ^°(Af) / 

if and only if Xm contains the unique C*-fixed point x of S. The assertion follows 
because Xm is G-invariant and closed. □ 

4.6. The C'2-cofiniteness condition of VF-algebras. 

Proposition 4.6.1. Let M be an finitely generated object of KL^. Suppose that 
H ^ {M) is either or C2-cofinite. Then Xm is contained in the nullcone Af. 

Proof. Let pi, . . . ,pe be the homogeneous generators of €[0*]*^, so that 

A/" = {a; e Q;pi{x) — for all i}. 

We identify pi with its image in C[0^]. Thus, pi,...,pi G C[qI^]'^°° . (In fact, 
Pi,. . . ,Pe generate C[0^]'^°° as a differential algebra [EFOlj .) 
By Proposition 13.3. II we have 

C[5oo] =C[x + (m^)oo]'^=°. 

Let Pi denote the restriction of Pi tox+irioo- Thenp^ belongs to C[x+(m^)oo]^°° = 
C[5oo],. 

Let {PPAf } be a good filtration of AI. By the assumption, each pi acts locally 
nilpotently on gr'" _ff / ^°(A'/). Since we have 



gi-r Hf +"(M) = (gr^^ M/Lo. gi^ MY 



by Theorem 14.4.61 it follows that 

gr^ M//00 gr^ Af - C[x + (m^)oo]®c[5^] S^^ Hf+\M) 

from the proof of Proposition l3.7.11 This shows that each pi acts locally nilpotently 
on gr'" M /loo gr'" Af , i.e., there exists £ N such that 

P? =u^+g^ 

for some Ui £ Annc[g^] (gr^ Af ) and gi e foe- Because pi is homogeneous and 
Annc[g* ] (gr'" Af ) is graded we may assume that Ui and gi are also homogeneous. 
This forces that 



X(x) = 



It follows that p['(u) = Ui{u) for all u £ f)*, and thus, 

(38) Xm n r = 0. 

Now let X £ Xm, Xg the semisimple part of x (we are identifying 0* with via 
ly). Because Xm is G-invariant, the standard argument shows that Xs £ Xm. But 
any semisimple element is conjugate to some element of t). Therefore Xg must be 
zero by ([38]) . This completes the proof. □ 
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if X^^^+„^^^^ = {x}. Therefore by Theorem HXl i// ^ (M) is Cs-cofiiiite if and 



Theorem 4.6.2. Let M he a finitely generated object o/KLfe. Then the following 
conditions are equivalent. 

(i) Hf^°{M) IS C2-cofimte. 

(ii) Xm C a/" and AdG ■ x appears as an irreducible component of Xm- 
Proof. Because X ==+0 C 5 is C*-invariant, dimX °°+o = if and only 

(M) ' -f^/ (^^) 

_ = IyT. Therefore bv TheoremliX^i/?^"' 

(M) 

only if Xm n 5 = {x}. 

Suppose that i/^^ (Af) is C2-cofinite. Then by Proposition 14.6.11 Xa/? is con- 
tained in M . Thus the irreducible components of Xm are the closures of some 
nilpotent coadjoint orbits, say, Oi, . . . ,0^. But the transversality of S with any 
AdG-orbit implies that 

(39) 0,n^/ = {x} ^ O, -AdG-x- 

Hence, (i) implies (ii). The direction (ii) ^ (i) follows also from (p9| . □ 

— +0 

Corollary 4.6.3. The vertex algebra (Vfc(g)) is C2-cofinite if and only if 

Xvk{g) C A/" and AdG-x appears as an irreducible component of Xy^^^y In this 
case W/j(g,/) is C2-cofinite. 

4.7. The minimal nilpotent element case. Let /min be a minimal nilpotent 
element of g, Xmin = i'(/min), 0™i„ = AdG.Xmin- Then Omin C A/" is the unique 
nonzero nilpotent orbit of minimal dimension (see [CM93j ) . 

The following assertion is a special case of |Ara05| Main Theorem] . 

Theorem 4.7.1. Let X e P+ . Then HJJ^ \l.x) is non-zero if and only La is not 
an integrable representation ofQ. 

From Proposition 14.5.31 and Theorem 14.7.11 we immediately get the following 
assertion. 

Proposition 4.7.2. Let A G P^f . Then Omin C Xi^^ if and only if h\ is not an 

integrable representation. 

Proposition 4.7.3 (cf. [DM06]). For X G i)^, La is an integrable representation if 
and only if it is C2-cofinite as a module over V'^{g). 

Proof. The assertion for the "if" part is well-known (see e.g. |AralO| for a proof). 
Let us show the "only if" part. Suppose that L^ is G2-cofinite. Then L^ is in 
particular finitely strongly generated. But L^ is finitely strongly generated if and 
only if A e P^ f |AralO[ Example 3.2.1]). Because X^,^ — {0}, La must be integrable 
by Proposition 14.7.21 □ 

4.8. The principal nilpotent element case. Let fpri be a principal nilpotent 
element, Xpri = t^ifprt), so that TV — Ad G.Xpri- The following is an immediate 
consequence of Proposition 14.5.31 and Theorem 14.6.21 

Proposition 4.8.1. Let M be a finitely generated object of KLfc. 

(i) Xm if and only if Hj^^^ {M) ^ 0. 

(ii) Xm =M if and only if Hf . [M) is (non-zero and) C2-cofinite. 

(iii) Xm '^M if and only ifHf^^^{M) = 0. 
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4.9. The critical level case. By |Pre02[ Theorrem 5.1], the scheme S D JV is 
reduced, irreducible, Gorenstein, and complete intersection of dimension dim TV — 
dimAdG.x. By jGinOQi Proposition 1.3.3], the coadjoint action gives the isomor- 
phism N X (S nM) ^ Af n (x + m-^)- It fohows that 

(40) (C[AAoo]//ooC[(A/-)oo])"[*l - C[{SnM)oo] 

in the same manner as (|19p . 

On the other hand, by a theorem of Frenkel and Gaitsgory |FG04j . the maximal 
graded subniodule of V^'^ (g) is generated by the Feigin- Frenkel center ^(g) C 
^-^"(0). Because gr^3(0) ^ C[0^]<^~ [PVeOT) . from [EFOT] it follows that 

(41) gY^V^hv{g)^C[Af^] 
as vertex Poisson algebras. 

Theorem 4.9.1. We have gr^ H^'^° {V-h'^ (q)) = C[(5 n7V)oo] as vertex Poisson 
algebras. In particular Rv_,^v (b) — H A/] . 

Proof. The assertion follows from Theorem 14.4.61 (HO]) and (PT|) . □ 

Remark 4.9.2. From Theorem 14.9. 11 it follows that Hj? ^"(^-/iv(0)) is C2-cofinite 

if and only if / is a principal nilpotent element, and that Hj? ^"(V^-h^ (g)) is one- 
dimensional |FG07) . 

5. Associated varieties of Kac-Wakimoto admissible representations 
and c2-cofiniteness of w^-algebras 

In this section we first prove the Feign-Frenkel conjecture for the degenerate 
cases and determine the associated varieties of G-integrable degenerate admissible 
representations (Theorems 15.5.11 I5.6.ip . Second we prove the C2-cofiniteness of 
a large number of M^-algebras including all the (non-principal) exceptional W- 
algebras (Theorems 15. 7. 21 15. 8. 2p . In tj5.9l we comment on the trivial representations 
of principal VF-algebras. In this section g* is often identified with g. 

5.1. Kac-Wakimoto admissible representations. A subset A' of A™ is called 
a suhroot system if Sq(/3) G A' for any a,/3 6 A'. For a subroot system A', 
A^ = A' n A!j? is a set of positive root and W = {a e A'^; Sa(A'^\{a}) C A^} is 
the set of simple roots f |MP951 IET98] V 

For A e f)*, let A(A) be the associated integral root system defined by 

A(A) = {ae A'^;(A + p,a^) eZ}. 

Then A(A) is a subroot system of A''''. Let A(A)+ and n(A) be the sets of positive 
roots and simple roots of A(A) defined as above. The subgroup M^(A) = {sa]a S 
A(A)) of W is called the integral Weyl group of A. 
A weight A e f)* is called admissible |KW89| if 

(i) A is regular dominant, that is, (A-|-p, a^) ^ {0,-1,-2,...,} for any 
a e A™, 

(ii) QA(A) = QA''^ where A(A) = {a e A'+^; (A + p, a^) e Z). 
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Ai 


l+l 


^ + 1 


l + l 


1 


Bi 


21 


21 - 1 


l + l 


2 


Ci 


21 


l + l 


21 - I 


2 


Di 


21-2 


21-2 


21-2 


1 


Eg 


12 


12 


12 


1 


E7 


18 


18 


18 


1 


Es 


30 


30 


30 


1 


Fa 


12 


9 


9 


2 


G2 


6 


4 


4 


3 



Table 1. 



For A e f)*, La is called an admissible representation if A is admissible. The 
condition (i) implies |KW88| that the formal character ch La of La is given by 

(42) chLA= Yl (-l)^"^'"^e"'°^ [| (l-e-")-^™5.^ 

weW(X) aeA+ 

where £a : W{\) — ^ Z>o is the length function. 

5.2. G-integrable admissible representations and the Feigin-Prenkel con- 
jecture. A complex number k is called admissible if fcAo is admissible. Set 

Adm\ = {\e P^;\\s. admissible}, Adm+ = [J Adm'^. 

keC 

The following assertion is easy to see. 
Lemma 5.2.1. The set Adm^ is non-empty if and only if k is admissible. 
The admissible numbers of g are classified in |KW08) . Set 

A = A,= □ A[q], ^yi = ^A,= \J ^yiM, 

(<,,r-V) = l 

where 

A[q] ■.^{-h'' + P-p,qeN, (p,<z) = l, p>/l^}, 

:={-/^v + _E_;p,qeN, {p,q) = l, (p,r^) = l, P>h,}. 
Here hg is the Coxeter number of q. 

Proposition 5.2.2 ( [KW891 IKW08j ) . (i) A complex number k is admissible 

if and only if k G AU '"A. 

(ii) Let k e A[q] with g G N, (g,r^) = 1. Then, for A £ Adml, A(A) = 
A(Mo) = {a + nqS; a <E A,n E Z}, U{X) = {-9 + qS,ai, . . . , ag}. 

(iii) Let k e ^A[q] with g £ N. Then, for A e Adm\, we have A(A) = 

A(A:Ao) = {a + r'^nqS; a £ Along, n € Z} U {a + nS; a e Ashort,n G Z}, 

n(A) = {—Og + q5,ai, . . . , a^}. Here Along and Ashort are the sets of long 
roots and short roots of Q, respectively. 
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Remark 5.2.3. (i) Let k e A, X e Adm'l. Then A(A) = A^" as root systems, 

that is, A is a principal admissible weight |KW89j . 

(ii) Let k e '"A, A G Adm'^. Then A(A) is isomorphic to the root system of 
Langlands dual Lie algebra of g, i.e., if g is of type Bi, Cg, G2 and F4, 
then is of type D^^^, ^2^-11 -^F^ ^'^d i?g^\ respectively. 

(iii) The assignment 

r"^{k + /i^) 

gives bijections yig ^ ^-^^g ^nd ^Tlg ^ -Ai-g, where is the Langlands 
dual Lie algebra of g and ^h^ is the dual Coxeter number of ^g. 

Conjecture 1 (Feigin and Frenkel). Let A G Adm+. Then S'S'(La) C AAoo, or 
equivalently, Xl;^ C M. 

For g = sb, Conjecture [T] is a theorem of Feigin and Malikov. 

Theorem 5.2.4 (Feigin and Malikov |FM97] ). Conjecture[J\ holds for g = s[2. 

Proof. Suppose that La is admissible. If La is integrable then Xi,^ = {0} (see 
Proposition l4.7.3p . If La is not integrable then H^^ (La) with / 7^ is a minimal 
series representation of the Virasoro algebra ( [FKW92] . see also (Ara05| ). Therefore 
Xz,^ = A/" by Proposition l4 .8.1] and a theorem of Beilinson, Feigin and Mazur |BFMj 
(see |AralO[ Theorem 3.4.3]). □ 

5.3. Height and coheight of nilpotent elements. In this subsection we assume 
that the grading pT|) is Dynkin, so that xq — h/2. The largest integer j such that 
9j/2 ^ is called the height [Pan99j of the nilpotent element / and denoted by 
ht(/). Because Qg C ght(/)/2i it follows that 

ht(/) = 2e{xo). 

Define the coheight ht^(/) of / by 

(43) ht^(/) = 20,(2:0). 

If g be a classical Lie algebra then the nilpotent orbits are parameterized by 
certain partitions of N, where N = £ + 1 (respectively 2^+1, 2£, 2£) when g 
is of type Ai (respectively Bg, Cg, Dg). li X = A (respectively B, C, D), let 
Vx {N) be the set of partitions of N parameterizing the set of nilpotent orbits for 
Ae (respectively Bg, Cg, Dg). A precise description of VxiN) [CM93[ Theorems 
5.1.2-5.1.4] is given as follows. 

• Va{.N): ah partition of TV. 

• Vb{N): partitions of N such that even parts occur with even multiplicity. 

• Vc{N): partitions of N such that odd parts occur with even multiplicity. 

• VniN): partitions of N such that even parts occur with even multiplicity. 

Let Od be the nilpotent orbit corresponding to a partition d (when g is of type D 
and d is a very even partition there are two orbits and O^^ corresponding to 
d). The following assertion can be seen from the formula for the weighted Dyndin 
diagram (see |CM931 5.3]). 

Proposition 5.3.1. Let f be a nilpotent element corresponding to a partition 
(di,d2, ■ ■ ■ ,dn) in a classical Lie algebra g. 
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(i) (W^) 

(a) If Q — sin or sp2n then ht(/) = 2{di — 1). 



(rfi+rf2)-2 ifd2>di~l, 
2(di-2) ifd2<di-2. 

Udi+d2)-2 lfd2>di~l, 

[2(^1-2) ifd2<di-2. 
(b) Ifg= S02„+i then ht^(/) = di - 1. 



(b) //fl = so„ f/ien ht(/) = 
(ii) (a) //0=sp2„ then ht"" if) 



— +0 

5.4. A character formula of H^^ (La)- In this subsection we continue to as- 
sume that ([TT]) is Dynkin. Set 

ch,i/f +"(La) = 5]g'^dimi?7+"(LA)d. 

dec 

By Corollary c\Hf'^"{Lx) is well-defined. 
For A e Adm'l^ , let 

A/(A) = {a e A(A); -h xo) = 0}. 

Then 

{a — a{xQ)S; a £ A, o^Xq) = (mod q)} if fc G .A[(7], 



^/('^) = {a - a{xo)S;a € Along, a{xo) ^ (mod r^g)} 

U{a ~ a{xQ)5;a £ Ashort, ct{xo) = (mod q)} 



if fc e 



It follows that A/ (A) is a finite subroot system of A''° containing Aq. Let Wf{X) = 
(s„;ae A/(A)) Cty. 



Proposition 5.4.1. Let A G Adm^. 



(i) Suppose that A/(A) D Aq. T/ien i7j^°(LA) = 0. 



(ii) Suppose that A/ (A) = Aq. Then 



l[{l-q=)-'-*^--Y[{l~qi+r*^K 



ch,i^f-(LA)^ E (-1)^^^^^ n ^ 



X 



where W^*'(A) is a representative of the coset Wo\W{X). 
Proof. Let chC"(LA) be the formal character of the f)-module C*(La). We have 

n (l + ze""+"'5) n (l + 2-ie"+"*) 
(44) g(-l)VchC^(LA) = chLAX^l^^ (l-"e-^+«^), 
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Let pX = ^ X]aeA/(A) Theorem 14.4.61 (iv). the Euler-Poincare principle, 
(gH) and dm), we have 

ch,77f +°(La) 



j>l j>0 



Choose a representative W^{X) of the coset W/(A)\M^(A). Then 

(_l)''A(j")g-{i"oA,n+a:o+tpJ'> 

•i«ei?(A) 

yet?/(A) ueWf{\) 

Because = ^^ere h : Wf{X) Z>o is the length function, we 

get that 

^ (_l)^A(«)gt(«yoA,pi'> ^ ^(yoA,tpi'> -Q (^l _ qt{y{\+p),a'^)^^ 

ueWfiX) QGAj,(A)nA + 

This gives the desired results. □ 

Proposition 5.4.2. Let q eN. 

(i) Suppose that ht(/) > 2q. Then there exists a root a such that a{xo) = q. 

(ii) Suppose that ht^(/) > 2q. Then either of the following holds: 

(a) There exists a short root a such that a(xo) = q. 

(b) There exists a long root a such that a{xQ) — r'^ q. 

Proof, (i) If ht(/) is even, that is, d{xo) € Z, then the assertion follows from the 
s[2-representation theory. If ht(/) is odd, then it follows from the fact |Pan991 
Proposition 2.4] that the weighted Dynkin diagram of / contains no 2's. 
(ii) We may assume that g is not simply laced. 

Let g = S02f+i. We assume that the simple roots of g are labeled as in |CM93j . so 
that 9s — ai + ■ ■ ■ + ai and the positive short roots are of the form + a^+i • • • + 
ai with 1 < i < £■ Suppose that there is no simple positive root a such that 
a{xo) ~ q. Then the condition ^^(^^o) ^ Q implies that there exists i such that 
{ai + • • • + a£){xQ) = q + 1/2 and ai(xo) = 1. Then /3 = + 2{ai^i + . . . ai) is a 
long root satisfying l3{xo) — 2q. 

Let g = sp2£. We show that the condition (a) holds. Let (di, . . . , d„) e Vc{N) 
be the partition corresponding to /. First, suppose that d2 < di — 2. (Then di 
must be even.) By Proposition 15.3.11 9s{x[)) = di — 2. Let hi — di — 1 — 2i for 
i = 1, . . . , (di — 2)/2. The formula for the weighted Dynkin diagram implies that 
the numbers (hi — hj)/2 and {hi + hj)/2 with i < j appear as the values of some 
positive short roots at xq. Because {hi + /i2)/2 = di — 2, the assertion (a) holds. 
Next, suppose that d2 > di — 2. By Proposition 15 . 3. ll 9s{xo) = {di + d2)/2 — 1. 
If (i2 — di — 1 or d2 = di — 2 then q < 9s{xo) implies that q < di — 2. Thus, 
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the assertion can be proven in the similar manner as above. If di — d2 then the 
assertion can be proven in the similar manner as well. 

For types G2 and F4 one can consult Dynkin's tables of the weighted Dyndin 
diagrams (see |CM93[ ch. 8]). □ 

Theorem 5.4.3. (i) Let k e A[q] with {q,r'^) = 1, A G Adm'^. Then 

Hj^^ilux) ^0 if and only ifht{f ) < 2q. 
(ii) Let k e ^A"", A e Adm'^. Then H/^"{Lx) ^ if and only ifht^if) < 2q. 

Proof, (i) Suppose that ht(/) > 2q. By Proposition 15 .4. 2l there exists a £ A+ such 

that a{xo) = q. It follows that -a + q5 e A/(A)\Ao. Hence Hj'^'^iLx) = by 
Proposition 15.4.11 

Conversely, suppose that ht(/) < 2q. Then {a,D + xq) > for any a G A(A) fl 
A_|_, and the equality holds if and only if a € Aq. Let be a set of representative 
of the coset Wo\Vt^(A). It follows that we have (y o A, Z) + xq) < {X,D + xq) for 
y e and the equality holds if and only of y S Wq. Therefore, by Proposition 
15.4. 1[ the dimension of LIJ' ~'^°(La)-(a,Z5+2;o) 11 ^''(g-^a") ^ 7^ particular, 

aeAo,+ 

H^^ ^'^(La) 7^ 0. (ii) can be proven in the similar way as in (i). □ 

5.5. Associated varieties of G-integrable degenerate admissible represen- 
tations and the C2-cofiniteness of T4^-algebras. For q £ N, set 

JVg := {/ e AA; ht(/) < 2q} U {0} C A/^, 
^M, ■■= {,/ e JV; ht^if) < 2q} U {0} C JV. 

Note that 

^fg = {xeg■,{adxf'' ^0}. 
by the s[2-representation theory. Because 

(45) ht(/pHn) = 2(/lB - 1), ht^(/pH„)= 2(^/1^-1), 

we have 

Nq=M q > kg, and ^7V, = Af <^ q > . 

An admissible number k is called non- degenerate if 

k e A[q] with q > h^, {q, r^) = 1, or fee ^A[q] with q > ^h^ , 

and otherwise called degenerate. An admissible representation G KL^ is called 
("+"-)non- degenerate if k is non-degenerate, otherwise called ("+"-) degenerate 
([FKW92J. 

Theorem 5.5.1. Let k be an admissible number, A G Adm'!^. 

(i) We have J\f C X^,^ if and only if k is non- degenerate. 

(ii) We have Xj^^ '^M if and only if k is degenerate. In this case we have 




Nq if k e A[q] with {q, r^) = 1, 
^JVq ifke^A[q]. 
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q 


y 


exceptional 


sin 


any 


{q,...,q,s),0<s<q-2 


yes 




odd 


(q, ■ ■ ■ , q, s) , < s < q — I , s even 


yes 








even 

{q, . . . ,q,q — l,s), 1 < s < q — 1, s even 


yes if s = g — 


1 




(even) 


even 

{q, . . . ,q,s), < s < q — 1, s even 


yes 






odd 


( n o^^Q^s^oH odd 


yes 








(g, 1), <s < g — 1, 5 odd 


yes if s = 1 






(even) 


odd 

(9 + i,qs_^^) 

{q + l,q, ...,q,s,l),l<s<q-l,s odd 


yes 

yes if s = 1 








(5 + l,q,...,q,(j' — l,s), 1 < s < q — 1, s odd 


yes if s = — 


1 






even 






S02n 


odd 


(g, . . . s), < s < g, s odd 


yes if s = g 








odd 

(g, . . . , q, s, 1), < s < g — 1, s odd 


yes 






even 


even 

{q + l,q, . . . ,q, s), < s < q - 1, s odd 


yes if s = 1 








even 

{q + l,q, . . . ,q,q - 1, s,l), < s < q - 1, s odd 


yes if s = g — 


1 






even 







Table 2. Orbits Oq in classical Lie algebras 



Proof. Let fc G 7l[(7] (respectively fc € '^A[q]). Let us assume that (HSI) is Dynkin. 
By Theorem 15.4.31 and ps]) . iJ^-^ ^''(La) 7^ if and only if q > hg (respectively 
q > ^K^). Thus (i) and the first assertion of (ii) follow from Proposition 14.8.1] 
The second assertion of (ii) follows from the first assertion, Proposition 14.5.31 and 
Theorem [5X31 □ 

Theorem l5.5.1l (ii) proves Conjecture[T]for degenerate admissible representations. 
Note that, for a non-degenerate admissible representation La, Theorem 15.5.11 (i) 
imply that X^,^ should equal to M according to Conjecture [TJ 

5.6. Irreducibility of Mq and ^Mq. 

Theorem 5.6.1. Let g e N. 

(i) ^ [oGVAG04j . not necessarily {qjv"^) = 1) There exists a unique nilpotent 
orbit Oq such that Mq — Oq . If q > hg then Oq = Opiin • The orbits Oq 
for q <hg are listed m Tables\M\^ [3 [3 anrfd 

(ii) There exists a unique nilpotent orbit ^Oq such that ^Afq = ^Oq. If q > ^h^ 
then ^Og = Oprin- The orbits ^Oq for q < ^h^ for non-simply laced Lie 
algebras are listed in Tables\^\^ and^ 
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even 
odd 


(q, . . . , ^, s), O'^s'^q — 1, s even 

even 

+ 1, . . . , s), < 5 < g — 1, 5 even 

even 

{q + - l,s), 2 < s <q -1, s even 

even 


S02n+1 


any 


(2g, . ..,2q,s), < s <2q - 1, s odd 

even 

(2g, . . . , 2(7, 2g - 1, s, 1), < s < 2(j - 1, s odd 

even 



Table 3. Orbits ^Oq in non-simply laced classical Lie algebras 



q 




exceptional 


c(2) 


> 6 


G2 


yes 


2(12p-7<?)(7p-4q) 


(3), 4, 5 


G2(ai) 


no 


4(6p-7g)(p-2g) 


2 


Ai 


yes 


63 - 9p - 


1 





yes 


14{p-4) 
P 



Table 4. Orbits O, in type G2 



q 






> 4 


G2 


2{7p-12g)(4p-7q) 


P<7 


2,3 


G2(ai) 


4(2p-7g)(p-69) 


1 




2(p-12)(p-7) 
P 



Table 5. Orbits ^O, in type G2 



9 




exceptional 




> 12 


Fi 


yes 


4{18p~13g)(13p-9g) 
PQ 


(8), 9, (10), 11 




no 


1062 — '^""P — ^'^'^g 


(6), 7 


Fi{a2) 


no 


632 - ^ - ^ 


(4), 5 


Fiias) 


no 


12{p-15)(6p-65) 
5p 


3 


A2+A1 


yes 


316-18p-if^ 


(2) 


Ai+Ai 


yes 




1 





yes 


52(p-9) 
P 



Table 6. Orbits Oq in type F4 



Proof, (ii) Let X = or G^, and let g be a Lie algebra of type X, d ^ Vx[N). 
From Proposition 15.3.11 it follows that C ^Mq if and only if d is dominated by 
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q 






> 9 


Fi 


4(13p-189)(9p-13g) 


6,7,8 


Fi{ai) 




5 


Fi{a2) 


632 — ^"^P ~ 4680 


4 


Bs 


562 - 21p-^ 


3 


Fiias) 


12(p-18)(p-13) 


2 


A2+A1 


9(p-16)(p-13) 


1 




3(p-24)(p-13) 



Table 7. Orbits ^O, in type F4 



q 




exceptional 




> 12 




yes 


6(12p-13<j)(13p-12g) 


9,10,11 


£^6(01) 


no 


8(9p-13«j)(7p-9g) 
pq 


8 


^5 


yes 


-45p+1162-^ 


6,7 




no 


36(6p-13(})(p-2g) 
pq 


') 






2(7/i-9Ul(!)/)-l:iO) 


4 


^4(01) 


no 


-18p+ 524- ^ 


3 


2A2 + Ai 


yes 


18{p-13)(p-125' 


2 


3Ai 


yes 


-9p + 263 - ^ 


1 





yes 


78(p-12) 
P 



Table 8. Orbits O, in type Eq 



q 


Og 


exceptional 


^(?) 


> 18 


E7 


yes 


7(18p-19<j)(19p-18<j) 
pq 


14,15,16,17 




no 


9(14p-19(j)(llp-14ij) 
pq 


12,13 


£7(02) 


no 


(106p-171q)(9p-14g) 
pq 


10,11 


£7(0.3) 


no 


5fc)tjp 1 0C:01 2394(7 

'/ P 


!) 


Ei;[<n) 


110 


r)(y; + 219!) 


8 


£7(04) 


no 


^"^'P + 1901 


7 




yes 


(p-18)(48p-931) 


6 


£7(05) 


no 


3(p-19){13p-252) 


5 


A4 + A2 


yes 


1 (-16^+ 655 -^) 


4 


A3 + A2 + Ai 


yes 


3(3p-56)(5p-114) 
2p 


3 


2A2 + Ai 


yes 


-18p+721- -^-^ 


2 


AAi 


yes 


12(p-21)(p-19) 
P 


1 





yes 


133(p-18) 
P 



Table 9. Orbits O, in type E-j 
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q 


o. 


exceptional 




> 30 




yes 


pa 


24,25,26,27,28,29 


Esiai) 


no 


pq 


20,21,22,23 




no 


12(20p— 31g)(13p— 20g) 
pq 


18,19 




no 


q ^ ^ p 


15,16,17 


Esia^) 


no 


pq 


14 


Esibi) 


no 


HyHw , n A 1 ()41 (iO 


12, 13 


Esias) 


no 


4(23p-60(;)(12p-31(j) 


10, 11 


Esiaa) 


no 


24(10p-31q)(3p-10(j) 


9 


Esih) 


no 


4{4p-135)(llp-372) 
3p 


8 




yes 


3(p-31)(21p-640) 


7 


Ae + Ai 


yes 


+ 3192 
7 p 


6 


Es{aj) 


no 


40(p-36)(p-31) 


5 


Ai + As 


yes 


12(p-31)(3p-100) 
P 


4 


2^3 


yes 


30(p-32)(p~31) 
P 


3 


2A2 + 2Ai 


yes 


20(p-36)(p-31) 
P 


2 


AAi 


yes 


12(p-40)(p-31) 
P 


1 





yes 


248(p-30) 
P 



Table 10. Orbits O, in type Eg, 



dq 



dq, where 

{q + l,q,q,...,q,s), < s < q - 1 for Sp2„, 
^ {2q, 2g, . . . , 2(j, s), < s < 2g - 1 for g = S02„+i. 

It is known that there exists a unique maximal partition dq in Vx{N) dominated 
by dq, see |CM93[ Lemma 6.3.3.]. The partition dq is called the X-collapse of dq. 
It follows that ^O, = Od, gives that ^Nq = ^Oq, 

For the types G2 and F4 one can consult the closure relations of nilpotent orbits 
descried in |Car93[ Chapter 13]. We give the closure relations and the values of 
i ht^(/) in exceptional Lie algebras in Tables [TTl [T^ The nilpotent orbits ^Oq are 
framed there. 

□ 

5.7. The C2-cofiniteness of W-algebras. For an admissible number k, set 

if fceyi[g] with (9,r^) = 1, 



(46) 0[k] 



^'^ iike^A[q]. 



Remark 5.7.1. For type G2 any nilpotent element belongs to 0[fc] for some admis- 
sible number k, see Tables [31[S] 



By Theorems I5.5.1[ 15.6.11 we have Xi^^ — 0[fc] for any A G Adm\. Hence the 
following assertion follows immediately from Theorem 14.6.21 and Corollary 14.6.31 

Theorem 5.7.2. Let k be a degenerate admissible number. 
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G2 3 



G2(ai) 



Ai 1 



0.5 



Table 11. G2; 



i^4 8 



Fijai) I 5 
^4(02) I 4 



S3 3 C3 4 



J4(a3) 2 



C3(ai) 2 

/ \ 

A2+A1 2 B2 2 







A2 + AI 







A2 2 A2 1 

\ / 
Ai+^i 1 

^1 1 



Ax 0.5 



Table 12. ^4: 
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(i) For A e Adiin\, the W'^(g, f)-module HJ^ (La) is C2-cofinite if and only 

iffeO[k]. 

(ii) The vertex algebra H ^ (^fe(0)) is C2-cofinite if and only if f 0[k]. In 
particular, the simple W -algebra "VVfe(0, /) is C2-cofinite if f (z 0[k]. 

Remark 5.7.3. For k ^ let c{k) be the central charge ol WK-/iv(g,/). Then 



In Tables HHTUl for exceptional type Lie algebras we give the explicit formulas of 
c{k + h^) of Wfe(0, /) with an admissible number k and / £ 0[fc] (with respect to 
the Dynkin grading). 

5.8. The C2-cofiniteness of exceptional W-algebras. RecaU IKW08[ IEKV09] 

that a pair (g, /) of a positive integer q and a nilpotent element / of g is called 
exceptional if the following conditions are satisfied. 

• q is equal to or greater than the maximum of the Coxeter numbers of the 
simple factors of the minimal Levi subalgebra containing /, 

• dimg^ — dimg'^', where Ug is the automorphism of g such that (Jq{xci) = 
e^'^"'^ Xa for a root vector Xq,, where is the primitive g-th root of unity. 

Exceptional pairs are classified in |KW08j for g = sl„ and in |EKV09] for a general 
0- 

Theorem 5.8.1. The following are equivalent: 

(i) {q, f) is an exceptional pair. 

(ii) f G Oq and f is of principal type (or of standard Levi type). 

Proof. The assertion follows from the classification |EKV09] of exceptional pairs 
and that of Og. □ 

In Tables [2l l4l [6l l8l [9] and [TOl we indicate whether the pair of q and the nilpotent 
is exceptional or not. 

The simple VF-algebra Wfc(g, /) are called exceptional ii k e A[q] with {q, r^) = 1 
and {q, f) is an exceptional pair. An exceptional W^-algebra Wfe(0, /) is called non- 
principal if / is not a principal nilpotent element. 



By Theorems 15.7.21 15.8.11 we obtain the following assertion. 

Theorem 5.8.2. All the non-principal exceptional W-algebras are C2-cofinite. 

5.9. Trivial representations of 'W'^(g, /prin)- The following assertion proves Con- 
jecture [T] for a particular case of non-degenerate admissible representations. 



Theorem 5.9.1. Let k = -ft.^ + EA[h^ + l] or k = -Ji^ + -^^.^ e ^A[^K 
Then 



|KRW03j 



c(k) = dim 00 - - dim 01 



12 



|p-(fc + /i^)xop. 



^ k + h^ 




^Ln(^fe(0))=C- 

In particular ^\4(g) = A/" and SS{Vk{Q)) = Moo- 
Proof. Let 
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^ — Sq o kAo — 



By |KW88[ Corollary 1] and Proposition l5.2.21 the maxhual submodule A^fc of V"'°(0) 
is generated by a singular vector of weight 

'e-i\ + l)5 + kAo ifk + h'' = j^, 
2{e,-^W'5) + kAa iik + K' = ^^. 

Here we have used the fact that (^16*) = — 1, {p\0^) — — 1. Because (6*1^^) = 
/ig — 1, {9s\p^) — '"hy — 1 and xq = for / = /prin, we get that 

(47) ii{D + xq)^~2. 

By exactness of the functor H ^"l?), -ff/ ^"(-^fe) is a submodule of 'W'^(0, /) = 
H J {V'' {q)) . Since chA^^ = chL^ + ^ c^chLi^ for some Cu G Z>o, we 

i/e{v(fcAo)on 

have 

ch, Hfj°{Nk) = ch, J;|;°(L^) + 51 -^/tr(L-)- 

Because a(D + a:;o) > for all a e A(fcAo)+, from (gT]) it follows that 
dimi/|+°(A^fc)2 = dimi7|+°(L^)2, 

which is one by |Ara071 Theorem 9.1.4]. 

But we know from [FF90[|FBZ04) that W''(g, /prin)2 is one-dimensional subspace 

of W^(g,/prin) spanned by the conformal vector uj. Therefore uj G H ^ [Nu)- 

— +0 

Hence a;(„) acts trivially on H^^ , (Vfc(0)) for all n £ Z. Since ajj-i) is the Hamil- 
tonian of Hj^^^iVkio)) it follows that Hf^^^{Vk{Q))d for all d ^ 0. Thus 

— +0 — +0 

we get that H^^ (Vfe(g)) = i/^^ . (VA;(g))o, which is one-dimensional. Therefore 
Proposition 14.8.11 gives that ^Vfc(g) = M, and S'S'(Vfe(g)) C A^oo- Since 55(14(0)) is 
a Goo -invariant subscheme containing TV and Ad Goo -A/" is dense in TVoo by |EF01j . 
we get that 55(14(0)) = J^oo- 

□ 

Corollary 5.9.2. Let k he as in Theorem \5.9.1\ Then 

J>1 w£W(k\o) 

Remark 5.9.3. For / — /prin we have 

^ ^ {{h, + l)p - fe^)(r^^fe> - {\ + l)q) 

q pq 
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